This is a revision and extension of earlier joint work [24] with N Kitchloo, tentatively attempting to apply ideas of Baker and Richter [7, 8] to the cobordism theory of (quasi-Hamiltonian symplectic) toric manifolds [1, 2] . Some possible applications to the statistical mechanics [15, 36] of chemical reaction networks [11,17,20,. . . ] and their associated toric varieties are proposed.
§I Some background and preliminaries
Some toric geometry
For our purposes a 2n-dimensional complex-oriented toric manifold M will be a closed compact smooth complex-oriented [34] manifold with a compatible [2 B.6.1 p 434] action of an n-dimensional torus T ∼ = (S 1 ) n , with Lie algebra Lie T ∼ = Z n ⊗R (i.e. given a preferred integral basis) acting effectively on the tangent bundle. .
A quasi-Hamiltonian (complex-oriented) toric manifold 1 will have additional structure, defined by an equivariant differential formω = ω − Φ representing a class [ω] ∈ H 2 T (M ; R), where ω is a T -invariant symplectic 2-form (i.e. ω n is nowhere zero, with dω = 0), and
is a diagram of T -equivariant maps factoring through a simple (i.e. exactly n faces meet at each vertex [2 §1.7 p 46]) polyhedron, with an ordered set of m codimension one faces. Such an object thus has an underlying symplectic manifold (M, ω), as well as an underlying stably almost complex manifold with a compatible T -action [ [ω] = −2π 
(as graded rings). Moreover, if P is an omnioriented simple polytope, and we let T Λ denote the kernel of 
We have a T n -equivariant splitting 
is a non-negative integer matrix, with s the number of chemical 'species' involved in the network.
Following [11, 17, 20 
of ODEs associated to A.
1.3.2
It will simplify this summary to assume that G is strongly connected, in the sense that for any pair i, j of vertices, there is a directed path from i to j; the definitions below generalize [20 §4.1, 37 Th 2.2.9 p 21] to a disjoint union of strongly connected graphs. In this strongly connected case the matrix κ then has rank n − 1; let (−1) n−1 K i denote the determinant of a minor of κ defined by deleting the ith row and any column. A toric variety V (A) is then defined by the ideal of the polynomial algebra Q[K 1 , . . . , K n ] [11 Th 9 p 8, 37 §2.2.1 p 16] generated by elements
The interior of the convex hull of the columns of κ (a polytope of dimension one less than the rank of κ) can be identified with the positive vectors in the image of the moment map of V (A). When G is the disjoint union of l strongly connected subgraphs, the matrix κ needs to be replaced by a more general (s+l)×n Cayley matrix Cay G (κ) [11 p 7] in the description of the moment polytope; this is probably best displayed in terms of the explicit matrices in the original sources. Further developments involving Hopf bifurcations are considered in [17] .
Note that the real positive points on such a complex toric variety are suggested as asymptotic limits of states of dissipative biochemical systems. Following [12] , the short term mechanics of living organisms are mostly metabolic, but in the long run (in terms of eggs rather than chickens) they are low-energy information management processes. The complex points of these varieties are thus not assigned any immediate physical or biological interpretation. §II Cobordism theory
Characteristic numbers
The Thom spectrum The group completion
defines an H-space structure on the classifying space for stable complex vector bundles. Following Borel and Hirzebruch, we identify its cohomology V 1 between symplectic manifolds involves a closed two-form ω on a (2n + 1)-dimensional W , having maximal rank (i.e. ker ω n is a real line bundle supported on the interior of W ). Symplectic manifolds (V, ω) admit homotopically well-defined stably almost complex structures, defining characteristic number homomorphisms indexed by unordered partitions I of i ≤ n, sending V to
to be integral, the resulting symplectic cobordism ring B * can be naturally identified with M U * CP ∞ , and the characteristic number homomorphism defined above can be identified with the (injective) Hurewicz homomorphism
. These groups are torsion-free, and it will be convenient below to work with their characteristic zero localizations, defined by tensoring with Q. More generally, a symplectic manifold (V, ω) with a compatible quasitoric structure (for example, a quasi-Hamiltonian manifold as in §1.1) has characteristic numbers (i ≤ n)
If (V, ω) is projective toric, Guillemin's theorem [ §1.1] expresses this invariant in terms of the face parameters λ i .
Remarks:
1) By the construction in §1.2.2, we can associate to quasisymmetric functions, characteristic classes in the face rings of simplicial spheres, and evaluate them to define characteristic numbers for such spheres, which are essentially the same as the characteristic numbers for their associated (toric) moment-angle manifolds. Since joins map to products under that correspondence, this defines a homomorphism from the noncommutative graded ring (with respect to joins) of isomorphism classes of simplicial spheres, to N * . For example, ∂∆ n → |a|=n Z a .
2) The collection A defining a chemical reaction network, as in §1.3, has an associated projective toric variety V (A); when smooth, this is a quasi-Hamiltonian toric manifold, which defines an element in M ξ * CP ∞ ⊗ R, with a symplectic cobordism class as image in B * ⊗R. It seems reasonable to hope that this construction will extended to quasi-Hamiltonian orbifolds as well. 
3) A good geometric definition of cobordism between quasi-
where, however, x ξ ∈ M ξ 2 CP ∞ is not a central element. Nevertheless, their Prop 2.3 uses the Hurewicz homomorphism to define an algebra monomorphism
with x H central. Moreover, the rationalization Θ ⊗ Q is an isomorphism, and we have a commutative diagram
defining a formal group law over N Q * := N * ⊗ Q with central coordinate x H . Note that M ξ is complex-orientable (i.e. , possesses a Thom isomorphism for complex vector bundles) even though it is not an M U-algebra [7 §7].
3.2.2
The Landweber-Novikov Hopf algebra S * = Z i≥0 [t i ] of formal diffeomorphisms of the line at the origin (with |t i | = 2i and t(T ) = t i T i+1 ) is defined by the coproduct (∆ S t)(T ) = (t ⊗ 1)((1 ⊗ t)(T )) ∈ (S ⊗ S) * [[T ]] (|T | = −2). Brouder, Frabetti, and Krattenthaler [9 §2.11] define a (neither commutative nor cocommutative) generalization (N * , ∆ N ) of (S * , ∆ S ), using a formal residue homomorphism res z=0 ( (where T and U are central formal indeterminates of degree -2); Theorem 2.14 of [9] provides an explicit formula for the antipode S on the generators Z * .
It is an exercise, using the formal analog of Cauchy's theorem, to see that the BFK Hopf algebra abelianizes to the Landweber-Novikov algebra. I am indebted to Michiel Hazewinkel for drawing attention to this work.
Afterword
This note is motivated by the idea that the work [4, 25, 32] of Kolmogorov, Arnol'd, Moser and others on the stability of quasi-periodic solutions of certain Hamiltonian mechanical systems (originating in celestial mechanics, but since generalized to hydrodynamics [3, 5, 13, 26] ) might have applications to the analysis of self-replicating systems in biology. This is suggested by D'Arcy Thompson's 'simple and most beautiful [inkdrop] experiment' (On falling drops, On Growth and Form p 395-6).
